







































































Math2010 Week 5 Details

Finding limit using polarcoordinates lco50tsii.tl Elcossoltlsinolez
IX g a fr G with X ROSE fr cos'Otsin't E 2 Irl

g rsinoNote Also f.in214 0 finorcoossotsin't O

IX y o.O 4 r O
dim x'txy
HipHOP 21 442

eg find limitsusingpolar coordinates dim rzcojotrkosos.no
Lim Mo 2ps
Hymon PtyPty dim cos0 1costs.no
dim Pcos0 1 Psii0 mo z
O r4o50 r siro whichdepends on O limit DIVE

figg r cos'Etsino es z it 0 0 EE

0 Squeezetheorem
0 if t I o










































































fpiffo.atylnlx4y4 IteratedLimit Au 27

him r cososinflulrno findingfcx.yifiynolfifofix.gs
Note Icososinolel means taking limitwith y 70 first
r 0 entry 7 A as r 70 followedbytakinglimitwith X 70

I r cososino lnlrtsr.tn r7 Similar for dgifofifofr.gs

is fimorentry fighter T
r Q Aretheyequal
I

lim r L'Hopital'sRule 7mo z fiinofiggfcx.ys dgifofifofk.gs
fin f O 7

BYSgueezethm ftp.axyenc yy o
Figo Y










































































Cf Consider fixyy of
X Y Notinequalx isfixed like a constant

k t
fiaof.is f fig 8 1 find'IiIIf fimo8Yf 1 fire of PNE

n n n
2nd

1st 1st
a

2nd
VV TV vs vsrn rn ne Ia

egfarcy
1 if x y
0 if xty

Rink Xfindingfcx.yi fjmofigofix.gs t.igfo.ofix.ly exists

Bothexistandequal Teg fay
Xcostytycost if Kyto

0 if x y O
If all thethreelimitsexist they are equal










































































Continuity Eg let Kken Show funk xn Xk iscontinuous on113

let f AEIR IR a EA Pf let a la az can

Forany E o take f E If HI aHe8 thenDefn1 E S f is saidto be
far fia ok e Eui Ait HI TH'S Econtinuousat a if HE o F8 O i i

suchthat if x cAandH atlas imafix flat forany a EIR
fhen Hix ftail s E i f is a continuousfunction

Anotherequivalentdefinition

Thm If f g REIR Rare continuous at a then
Defn2 f issaidto continuous at a fix Ign Kfix fix gcx are continuous at a
if mathsexistsandequalsto flat where K is a constant

fix
Defn f is said to becontinuous gin

is continuous at a if gta o

if f is continuousatanypointin A Pf Followeasilyfromcorrespondingpropertiesof limit










































































Fromthe last 2 results wehave eg fixyy xyty
polynomial X4y

Allpolynomialsandrationalfunctions ie
polynomial Note x4yfO Keys40,0

ofmultivariables are continuous
Lim him xytyysxo.osfkifcx.yxo.esyeg0x3t3yztz2xt7y is

continuouson R y m y mx

X't g'tYZ Limmx'tm't

y
is continuous on x o x'tmix

3 3 fim MTMHIR I Nyit Xtyto IR l Zaxis 0 It m2
M O if m o

let QE P t be a rationalfunction Itm I if me
pix 2

a be a zero of pix ie Polat O Then e Limitvariouswithslope notequal

QCE can be extended to 7com ky DIVE7aQcxT
a functioncontinuous at a exists f cannot beextended to a

continuousfunctiondefinedon IR










































































gix.gs Y Thm If fire IR 7112 is continuous at a
X ty

glx is a 1variablefunctioncontinuous at flat
7coo Y Thao Iff then got is continuous at a Hence

dim r4cos4O MsmO m gHixD g fifth g Iftar o r coffer Sino

trim r cos40 shot0 eg gink1 1 fix xn Xk are continuous forkKen

0 Sandwichtheorem gotChi An Hal is a continuousfunction

Details r4cos4G snitG Ezra es g t ItnXl is continuous or co too

and Ligon Zr O gotKii Xn InXxl is continuous on FER Xko

i guys can be extendedto a
continuous Rink Inparticular a.lyYao1 1 0 him thnx1 0xy711,0

functiononwhole 1122with we usedtheseresults in examplesofsandwichthm

guy Itg it H'Y 00 egs.nl yzi ex t cosIffy r IX'ty
o ith y4010 are continuous ontheirdomains










































































Partial Derivatives Ifm 4.3 es fix.gs x y
Studytherateof changeof a function It 2 0 28 Regard y as aconstant
with respecttoeachvariable of
Defn let fire Rn IR r open Jy 0 24 24 Regard x as aconstant

Thenfor 1 1,2 n n definethe Note 2 l 1 2117 2 O
ithpartialderivativeof f at I Kii inter

y
u 1 21 D 2 0

of I f H Xn f increases as x increases at lit
frying fHii kith Xn fHi Xi in decreases as y increases at 11 1

h

Y 3 ixy limoftxth.gs fix y
Rmk Notethey1 11 x y 112

n n

yckys µg fix y1k
fi xy

k
Amoveclosertoorigin It decreases

Other Oaf Daf If f
notations

y
zf Dzf qf fy

I modeawayfromorigin f increases










































































eg fixy.zs Xy cos XZ Fix g differentiatefar.y writ X
Then f y't 2sincxz

Along g I f IX lfy 2Xyt0 2Xy ooo go

fix 1 if Ho
fz Otxsinlxz X sink2 o if so too X

if xyzo 3111,13 0 10.1 DIVEtiny o if xyco
Alongg0

Find 1111 10117,3 190 fix o I VxElR

Sol n yay 10,07 0

I F IFI
qf

oo
Rmk Similarly 3 00 O

Tty Note f is notcontinuous at10,0

to i ftp.ftyexistatco.g fisafYot.iongmI










































































Higherorder partial derivative Rmk Similar forhigherorderlmorevariables

eg Consider fix y eg fxxyx gxyz for glayez
1st order at f of fy egfcx.yj xsinyty.eederivative A dy
2ndorder 27 Findall 1st 2ndorderpartialderivatives
derivatives ox 3 Hx f

X first Sol f sing1 2y2e2Jifferentiate I
w.rjt.SI fx Fyl Hy fry fffi xcosytz.gef 4y2eYt H t

yf f F
f

ge y cosy 4yezxyeqa
3rdorder
derivatives a ya fFyl yH ylifyyx fyx ffy.hr_cosy14yd foincidence

j
f fyy Hyly Xsinytzek

2 3

Others fxyy.fixy fyyy fxxy.fxyx fyxx










































































Q Is it alwaystruethat fxy fyx f Hy4l3xy y Xylx y4l2x near
x y'T lo k

A No a counterexample below

f coky K l K O K
Eg Computefxylo01 fyxlo.co where k4

fixyy y
if Ky 0,0 fxlo.oj fimoflh01 fco.coh

if ix y 0,0 him O O O
h70 h

Sol f y y fxylo.oj fjmofxlo.ktk
fxlo.co

fxylo.oj f.im lQktk
fxl0i0 dim k O Ik70 k

Needto find f l0 k for k 0 andfuoco Similarcalculationgives fy l001 1
For k 0 Alternatively note f ixg fly.x

f gY4 near cok
iii s fyxlo.ot fxyio.ci I

In thisexample fxylo.Dtfyxlo.co










































































Q When do fxy fyx Tool for the proof

Thm Clairaut's Theorem MixedDerivative 1hm MeanValueTheorem for 1variablefunction

Let REIR be an openset fir 7112 let f ab IR continuous on a b

If fryfy existandarecontinuouson R differentiableon la b

then f y fy on R Then F CE la b suchthat

Rmk Wewillprove a stronger version f lb fla fileb a
let REIR beopen fish IR a Er Suppose

fxyifyx exist in an opendisccontaining a slope RHS

fry fy are continuous at a
g fix

Then fxylaj fy.la slopeLHS i
i i

i

tryfyxexist on si f re
Beta forsomeE 0 continuousat a

A C b



Pf of Clairaut's Theorem MVT 7h Elo h suchthat

Wemayassume a o.o er f 9thh9 g1h f lh k fxlh.io

Needto show fxyco.oj fyxlo.cl MVT again 3Kaelo k suchthat

6th k Oand o h x O K Er hHf 1h fxylhnka likeaMVTforfixyK
X f hk ftok flh.co 1110.0 i x hff lh k fxlh.io hkfxylhi.k

Oik took qolhik Similarly 71h2kz El0 hlxCo.k suchthat

foolhnka i A hkfyxlhz.kz
l I
i o hz.kz l
i p e

ooo od y fxylhi.la fyxlhz.k
O.O h O h0

Letglx fix k fix o oexeh Take hik Ot then 1h k Chuka o.o

Then x gCh glo
andcontinuityof fry fy at o.o

g'lH fix k fix 0 fxyloid fy10,0 



